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A new numerical algorithm, the diffusing-vortex method for time-dependent two-dimen-
sional Navier-Stokes equations, which was previously presented and applied to the incom-
pressible viscous flow past a circular cylinder with high Reynolds number by Lu and Shen
[17, is further developed for extension to general two-dimensional initial value problems and
boundary value problems, The new algorithm consists of two time steps is a simulation cycle:
a Lagrangian convection simulation for the first time step and a diffusion simulation through
the use of new vortex points at dixed Eulerian mesh points for the second time step. The
mathematical mechanisms of computation behind this algorithm, and its characteristics of
convergence and accuracy, are analyzed in applications for the following problems: (1) an
initial value problem involving the decay of a single vortex of finite size and the decay and
interaction of a vortex-pair of two finite-core regions; (2) a boundary value problem:
the unsteady flow field around a rotating cylinder with high Reynolds number up to
Re,= U - D/v<10,000. Numerical results are compared with either exact solutions or other
numerical methods. The numerical advantages of the diffusing-vortex scheme over other con-
ventional vortex methods, Cloud-in-Cell methods, particle methods, and some finite difference
schemes are evaluated in terms of reducing total CPU time, avoiding cutoff procedures, and
sidestepping various interpolations. @ 1991 Academic Press. Inc.

1. INTRODUCTION

Two-dimensional and three-dimensional viscous flow problems of practical impor-
tance remain today beyond the scope of prevailing methods for the solution of the
governing full Navier-Stokes equations. Great strides have been made in recent years
in the computational treatment of the Navier-Stokes equations as evidenced by
many research papers on the subject, especially in the development of various finite
difference and finite element methods. It is well recognized that the non-linear con-
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vection terms are primarily responsible for many of the complex flow phenomena,
and are the major cause of numerical difficuities. At high Reynolds numbers, strong
non-linearity effects produce details characterized by scales which are widely apart,
and the resolution of their interaction has been a major challenge. In other words,
the length scale for the viscous region adjacent to the wall is inversely proportional
to the square root of the Reynolds number, therefore much smaller than that for
the inviscid region. In discretizing the entire domain, a very fine mesh is required
to provide sufficient accuracy within the very thin boundary layer. To properly
capture the complicated interaction behavior, very high mesh resolution is required.
Without a very efficient and accurate numerical algorithm and an effective data
structure, it is extremely difficult to obtain reliable numerical results.

Much success in solving Navier-Stokes equations has been achieved by using
the finite-difference technique, especially for application to internal flow at low
Reynolds numbers. Extensive bibliographies are given by Harlow [2], Roache [3],
and Wilkes et al. [4]. These references survey a great variety of schemes including
the so-called methods: MAC, PIC, CEL, LINC, SIMPLE, SIMPLER, PISO,
ICCG, QUICK, REMIXCS, and others. Only a few computational examples using
the above algorithms have involved Reynolds number larger than 1000. Thoman
and Szewczyk [5] use the finite difference scheme (originally suggested by Lelevier
as reported by Richtmyer [6]) to calculate the flow past a circular cylinder. A
method developed by Collins and Dennis [7] for solving high Reynolds number
flow is based on expansions of the Fourier type and was successful under the
assumption of the normalized time being less than one. Wei and Giiceri [ 8] present
the results for two-dimensional separated flows past blunt bodies of arbitrary shape
using the modified strongly implicit (MSI) method for Reynolds numbers less than
100. Kwak and Chakravarthy [9] developed an implicit three-dimensional finite
difference code, using primitive variables and pseudocompressibility approach.
Mane and Ta Phuoc Loc [10] solve the vorticity transport equation for unsteady
flow past an airfoil with Reynolds numbers up to 10° by using fourth-order
accurate alternating directional implicit (ADI) schemes. Although some quan-
titative results like the instantaneous vorticitiy distribution, the separation point,
drag coefficient, lift coefficient, and wake length as a function of time were not
presented in their paper, their final results are in very good agreement with a flow
visualization of streamlines.

Typically, the “vortex method” of simulating a real flow field is to discretize the
regions of nonzero vorticity into point vortices and track their motion in a
Lagrangian coordinate system. The local velocities can be computed by the Biot—
Savart law, or from a Poisson equation according to classical hydrodynamics.
Calculations using this method to study inviscid fluid motion involving point vor-
tices have a long history—from Rosenhead’s hand calculation in 1931 [11] using
a few vortices to recent computer calculations involving thousands of vortices.
General reviews of vortex methods have been given, e.g., by Saffman and Baker
[12], Leonard [13, 14], Aref [15], Anderson and Greengard [16]. The details of
the high order vortex method are described in Beale and Majda’s papers [17-19].
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Perlman [20] and analyzed the effects of various parameters on the accuracy of
vortex methods. Chorin in a number of papers [21-23] pioneered a random walk
treatment of the two-dimensional vorticity equation. The main advanatage of such
vortex methods is the elimination of the need of a fixed mesh grid. Another
advanrage is that the computational domain excludes the irrotational region and
becomes much smaller in many cases. However, the computational work is propor-
tional to the square of the number of vortices, N°.

To reduce the operation count of basic vortex interaction equations and the
singular behavior of point vortices, the “vortex-in-cell” method was developed. As
a special version of the “Cloud-in-Cell (CIC)” method that has arisen in several
fields, the vortex-in-cell method was described for vortices by Christiansen [24]. In
this method, the velocity field over a fixed grid was calculated from the stream func-
tion, which is obtained from the vorticity by inversion of the Poisson equation.
However, two additional steps are introduced: (1) the generation of mesh-point
values for the vorticity field from the discrete vortices and (2) the interpolation of
mesh point values of the velocity field back to the Lagrangian vortex points. Unfor-
tunately, the uncertain numerical errors arising from the anisotropic interpolation
of velocities in step (2) could often be significant. In numerical results presented by
Baker [25], while the total circulation was conserved by the CIC method, the
angular impulse was not conserved.

Recently, Greengard and Rokhlin [26] proposed a multipole algorithm that
would significantly reduce the velocity calculation in potential flow for initial value
problems if the distribution of vorticity is reasonably uniform in a square-shaped
region of interest.

An elegant random vortex blob method for simulating high Reynolds number
flow was proposed by Chorin [21-23] for application to two-dimensional cases.
According to Chorin, the vorticity field is discretized with a vortex biob of small
but finite support. The vorticity transport equation is solved by tracking a collec-
tion of vortex blobs in the interior and by tracking vortex sheets near the solid
boundary through the fluid with an random motion added to model the viscous
diffusion. A carefully conducted application so far is due to Cheer [27, 28], who
recently used Chorin’s algorithm and studied a chellenging subject—the unsteady
separated wake development around an impulsively started circular cylinder.
Cheer’s newest resuits [ 28] were in very good agreement with experimental data of
Bouard and Coutanceau [29] and have evidently shown that the fractional time
step associated with the random walk algorithm is a valid tool for problems
involving a solid boundary in flow with high Reynolds numbers. However,
experience has shown (Shestakov [30]; Lu [31]; Shen and Lu [32]) that
convergence is often slow and computation is time-consuming since the total
number of operations per time step for this algorithm is proportional to N°.

With regard to the method by Raviart and his co-workers [337, as outlined and
analyzed in Cottet and Gallic {34, 35], like Chorin they track the discretized
vortices strictly in Lagrangian fashion without a fixed grid. Unlike Chorin they
allow the strength (or “weight”) of each vortex to change after time step A4t, by
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evaluating the contributions from the Gaussian spreading of all the vortices. The
random-walk displacements are eliminated, but other difficulties associated with
the usual Lagrangian vortex methods remain—e.g., the dependence of CPU on N?
for velocity and the cutoff effects. Later, Choquin and Lucquin [36] used a
deterministic particle method to calculate the vorticity field induced by a single cir-
cular vortex. They found that the choice of the cutoff parameter in the particle
method does play a very important role in the accuracy of the method. No
numerical examples calculated by this method are known to us where a solid
boundary exists.

A new numerical algorithm, the diffusing-vortex method as previously used by
Lu and Shen [1] to study the two-dimensional incompressible flow past a cricular
cylinder at Reynolds number 9500. The results showed excellent agreement with the
experimental visualization obtained by Bouard and Coutanceay [29].

This paper describes the extension of the work by Lu [37] and Lu and Shen [1]
to formulate a new numerical algorithm and device a numerical scheme for solving
the general two-dimensional time-dependent incompressible Navier-Stokes equa-
tions at high Reynolds number. The advantages of tis method in reducing CPU time,
avoiding the difficulties in cutoff properties of the vortices, and circumventing
various anisotropic interpolations will be shown through applications to general
initial value problems and to boundary value problems. In Section 2, we present the
basic approach which is based on operator-splitting and discuss the features that
distinguish our method from other closely related ones. Section 2 also gives the
details of our algorithm for initial value problems and boundary value problems
and consideration of truncation error, mesh size, and time step. Section 3 deals with
numerical examples and results. Section 4 summarizes our conclusions.

2. THE NEwW ALGORITHM

Two-dimensional incompressible viscous flow described by the Navier-Stokes
equations are considered. Let (x, y) be the Cartesian coordinates, (i, v) be the
velocity components, ¢ be the time and { be the vorticity. Suppose now that L, is
the characteristic length and U is the characteristic velocity of the flow. Then the
following nondimensional quantities, without the “bar,” can be defined:

u=a/U, v=9/U x=x/L,, y=p/L.,, t=tUL, {(={LJU. (1)
Consequently, the vorticity transport equation can be written as

oL oL ol 1 o,
at-%—u x+vay—ReVC, (2)

where Re= UL, /v is the Reynolds number. The flow is fully described, of course,
when the vorticity { is known at each instant.
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Equation (2) is composed of the two mechanisms of vorticity diffusion and
vorticity convection. Following Yanenko [38] and Chorin [21-23], the time
integration may be broken into two fractional steps: pure diffusion and inviscid
convection. Thus, we solve separately during time step A:z, the pure diffusion
equation

o¢ 1
==—V? 3
Jt Re ‘ (3)
and the inviscid convection equation
ol of a
—“tu—+v—=0. 4
S Ut o (4)

This technique was previously adopted by Chorin [21-237 in his random-walk
vortex method. Because of Eq. (3), Chorin proposed a random-walk simulation
of the diffusion process, based on its well-known mathematical analogy with
Brownian motion. Equation (4) was handled by straightforward tracking. To
validate his algorithm, the classical unsteady boundary layer over an impulsively
started flat plate was solved as an example. With relatively few vortices and
moderate time steps, the steady state Blasius solution was indeed reproduced by
taking the average of a large number of profiles. However in this case, to obtain
accurate instantaneous unsteady velocity profiles, Chorin’s computations need
further processing (see Shen and Lu [327). Lu [31] also showed that the statistical
error could become serious if the total number of vortices was not large enough.
Since the statistical error is inversely proportional to the square root of the total
number of samples N, but the amount of computing time increases like N2, the
improvement of accuracy would rapidly become prohibitively costly.

A study was initiated to sidestep the random-walk aspects in Chorin’s algorithm.
Actually, the task is only to be able to update the vorticity field, accurately, for
small 47 in accordance with Eq. (3). Gaussian spreading of each vortex after At was
used, before moving the vortices according to Eq. (4). For numerical implementa-
tion, simpler programming and less CPU could be achieved by retaining a fixed
grid for the vortical region. As a result, a scheme has been developed in which for
each time step the discretized vortices always start from the mesh points of a fixed
grid. To simulate diffusion, each vortex is first shattered during 4s to spread its
vorticity, in a Gaussian distribution, among all mesh points. The total vorticity at
each mesh point then defines the new vortices, as well as the local velocity to be
used for the vortex displacement during A¢. In contrast with the usual Lagrangian
vortex methods, the vortices move only one time step, then dissolve to create new
vortices at fixed mesh points. The details of the algorithm are described below.

2.1. Simulation of Diffusion for Initial Value Problems

For the initial value problem in an unbounded domain without a solid boundary,
if the vorticity distribution at moment ¢ is known, the vorticity field after a lapse
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of time 4z, ie., the solution to Eq. (3), can be expressed in terms of the Green’s
function

Lo, v, 1+ 41)= sz U, Vs 1) Glx, y, X', ¥, A1) dx dy, (5)

where G is the Green’s function for an initial value problem, which is the Gaussian

. Re r* Re
G(xsyyxyy’At)=4n_Atexp -4At ’ (6)

where r=[(x—x')?+(y—y')*]"? and all quantities are normalized. The dis-
cretized form of Eq. (5) can be written as

((xa y; I+At)=z Z "/,-,jG(X, }’, xi,j’ yi,j’ At)v (7)
i

where the subscripts / and j are integers referring to x and y at the mesh points,
7i;=C.4x 4y, and

ri=[x— xi,j)2 +(y— y,-,,)2] 2,

The diffusion process of a continuous vorticity field is thus approximated by the
decay of many discretized vortices, located at the mesh points (x, ;, y;;) with
strength y, ;, each of which spreads with a Gaussian distribution, with variance
8% =2 At/Re, over the unbounded domain. From a statistical point of view, the
probability that the vortex at (i, /) moves to a region of area dx - dy centered at the
point (x, y) would be G(x, y;x,, y;)dx-dy, and G is given by the Gaussian in
Eq. (6). Recalling the mathematical relationship between Brownian motion and the
diffusion process, this interpretation is also the cornerstone on which Chorin’s
random-walk algorithm rests.

Let the spatial ragion with vorticity be divided into uniform square mesh cells,
of length Ax = Ay = h, and each small area h” is centered at (x, ;, y; ;) as shown by
Fig. 1. The integer symbol (m, r) indicates the position of calculated point which is
at x=m-h and y=n-h They will be used frequetly as x, y indices at next time
level A+ 1.

The vorticity after 4¢ at each nodal point (m, n) is from Eq. (7)

h? 2
s v 1440 =2 T T U3, 7,00 exp(- /—;) 8)
i / v

where
A= (4 4t/Re)?, (9)

X; .:x[=i-l’l (i=1,2,---,imax)
J ( . . (10)
yi,jzijJ-h (]215 2, ---sjmax)'
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Fimax [T e n y ; T
R N
J \ . j ol ;
- e o QUGS DR RN U | U U [N SRR VN DU
' 1 1 1 1 1 t
j=n+1 | ' ' ' . ' | L=1
LU RN R fﬂ/
A R i R AR B R el HE
J=n 1 it 1 1 1 — L A
o [ o me T
e Eee—
i=n-1 "
(i VR D U < S N SR U I
Gy [T ‘ . . I \
B JR e e T ST s ey NepuR S -
' ' ' ' | | l 1.=3
L] L 1 J. 1 X ]
] 1 1 ! 1 1 1
N
le Ll Ll ; t Ll 1 1
e=2 e=l e=0 e=] e=2
i=1 2 3..om-l m omHl L inax
F16. 1. Mesh scheme for initial value probiem.
Let a mesh length parameter ¢ be introduced,
c=hjA, (11)

and also the time level index A, which denotes the discretized time ¢ after A time
steps 4t; i.e., 1= A - At. Then Eq. (8) may be rewritten as

Gon = Zzlf’ﬁ’exp{ (i —m —n)*1c*} (12)

Given a mesh point P(m, n), the nearest neighbors consist of eight mesh points
on the solid line L=1 (the first layer, see Fig. 1). Similarly, on the second line
L =2, there are 2 * 8 = 16 mesh points. By induction the terms in Eq. (12) may be
regrouped to give

2
(e = {a:fs+ T ol cexp{—[12+(2— k)]
k=1
2L

+ot Yoo yexp{—[L2+(L—k+1)*]?} + } (13)

k=1

where the symbol ¢!} is defined by

o =0{y=C, for e=f=0 (l4a)
O =l A O e P O, otherwise. (14b)
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In Egs. (14a) and (14b) the subscript e is an integer indicating the horizontal
distance between the fixed reference point (m, n) and the calculated point in terms
of the number of mesh cells and the subscript f is similarly the integer referring to
the vertical distance (see Fig. 1) between the same points.

It is well known that the maximum value of the solution of the transient diffusion
equation in unbounded space can only decay with time. Supposing the maximum
value is at the point (m, n), then

S S (15)

Because of Eq. (13), the above inequality becomes

2 2

4

iﬁ:“=;{0‘o,‘o’+ T ool pexp{— [P+ (2—k1 T+
k=1

2L

+X

ku

=1

o nexp{—[L+(L—k+1)V1} + ---}s(f,f,’,. (16)

In the limiting case where the vorticity is uniformly distributed over the whole
domain,

At o () =, (17)
Equations (14a) and (14b) simply become one equation,

Jéj‘/?=4z:()5 (18)
and Eq. (16) is reduced to

2
% {1 +4[exp(—2¢?) +exp(—c?)] +4[exp(—8c?) + 2 exp(—5¢?) + exp(—4c?)]

+ 4[exp(—18¢?) + 2 exp(—13¢?) + 2 exp(— 10c*) + exp(—9¢*) ] + ---} = L.
(19)

Increasing the total number of computing layers L to larger than 11 has little
effect (an accuracy of 10~#) on the solution for ¢, since the extra terms on the left-
hand side of Eq. (19) become negligibly small. From a computational point of view,
however, the value of ¢ controls the difference between the exact solution
{(X s Yus t +4t)={, and the discretized approximate solution C,‘,f,,* D We consider
it imperative that any algorithm reproduce correctly the equilibrium state { ={,. In

this case, the relative discretization error for vorticity can be measured in the terms
of the norm

(A+1) _r 32
E=zz{cw—€oﬁ}. (20)

The effect of the mesh length parameter ¢ on the discretized solution for this
limiting case is shown by Fig, 2. For ¢~ 1, the ratio of the calculated vorticity over
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FiG. 2. Effect of the mesh length parameter ¢ on discretized solution.

the exact value is equal to 1 approximately. When ¢ > 1.3, error increases rapidly.
For the given value of E~ O(1073), the value of ¢ must satisfy

¢ <0878. (21)

The inequality (21) will be regarded as a necessary condition for the discretization of
the diffusion equation. It relates the mesh length with the diffusion distance for a given
time step and Reynolds number.

For an arbitrary vorticity field at time t, the inequality (21) is till true at the point
where the vorticity is a maximum (., =( an,’, Since all other vortices are weaker, the
upper bound of {{;'F") is less than that for the uniform state { = {,. Hence Eq. (21)
must be equally valid, in fact somewhat conservative. At any rate, the correct
representation of the uniform state and the decay of maximum vorticity are thus
both ensured.

Cottet and Gallic [34, 357 give a convergence proof for their particle method.
This proof states that, in order for the method to converge to a solution of the

Navier-Stokes equations, it is necessary to have

h< C.(4t/Re)1/2 (21b)

for some constant C,. Using our notation with A (see Eq. (9)), the inequality (21b)
can be rewritten as

c<2C,. (21c)
Our inequality (21) has shown numerically that the unknown constant in Cottet
and Gallic’s formula [35] is a function of the global relative error E, as shown in
Fig. 2. For the special value of E~ O(10~?), Cottet and Gallic’s constant C, should

be less than 0.439.
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2.2. Simulation of Diffusion for Boundary Value Problems

With a given value of the vorticity along the boundary, {,(¢), and the initial
distribution of the vorticity, {,(x, y,t), at time ¢, the solution of the diffusion
equation Eq. (3) at ¢+ 4¢ is (see Morse and Feshbach [39])

1 4+ At aG
v+ a0 =[] 61ty na o[ [ 4 [E] ds
! b

={i(x, p t+ 40+ {y(x, p, 1+ 41), (22)
where G is the appropriate Green function, defined by

G 1, s oy
= =g VG +0x—3) 8y~ §) 81 1) (23)

Gl,=0 for t>1

and the term (0G/dn), indicates the derivative in the direction normal to the surface
b. The first term {; represents the diffusion contribution from the vortices inside
domain D and {,; is the contribution from the vortices on the solid boundary.

The solution of Egs.(22) and (23) consists of answering three critically
fundamental questions concerned with the validity of approximations to Green’s
function. These questions are:

« How can Green’s function be used to calculate the diffusion solution for an
arbitrary boundary?

« Is the total number of operations for the diffusion simulation still of the
order of N??

e Does mesh distortion exist with the new scheme?

Answers to these questions are provided in the subsequent sections of this paper.

2.2.1. Construction of the Green’s Function for an Arbitrary Boundary

It is difficult to solve the time-dependent Green’s function analytically for
arbitrary 2D boundary conditions. Fortunately, for high Reynolds number cases
Re » 1, we can use the solution of the flat plate as an approximation to the solution
for an arbitrary boundary. Suppose the domain of interest is the half-space y >0,
bounded by the line y =0 (see Fig. 3a). In this case the required Green’s function
is obviously obtained by adding to the diffusing é-function, ie., the Gaussian, its
image in the lower half-plane. In fact, it satisfies the no slip condition, including the
zero normal velocity along y =0, automatically.

As shown in Fig. 3a, for a vortex near an infinite flat plate, the Green’s function
can be written

__Re ri Re (r;)i. Re
i 2k G o) ] ) S

581/95/2-11
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FiG. 3. (a) Vortex point A(x;, y,} and its image B(X;y,, ¥;m): (b) vortex A outside curve surface
(simplified as Fig. 3a if 1 <1

where r, ; is the distance between the vortex point at (x;, y;) and the calculated
mesh point (x,,, ¥,),

r= L= x,)2 + (3= y,)* 17 (25a)

and (r; ;);» is the distance between the point (x,,, V) inside the solid body (the
image point of x;, y;) and the point (x,,, y,),

(ri,j)imz [(xiim_xm)2+ (yjim" yn)2]1/2' (25b)

Using 4= (4 4¢/Re)"?, changing the form of Eq. (24) to fit equation (22), i.c.,

1 rf. (ri j ?m
G(X,0s Vs Xi y',,At)=;r—P exp —)—’21 —exp —-—}LZ—— (26)

and substituting Eq. (26) into the discretized form of the integral, the first term of
Eq. (22) becomes

1 . " (i Yim
Cl(xm’ yn9t+At):n}zZZ(a(xi’ y/'st) cXp ‘7’5[ —CXp | — )2 AXA_}/
P A, A

(27a)
or
cl(xm’ Vns [+At)=z Z')),-V_,-'G(Xm, Vs Xis y_/9 At) (27b)
P

A similar expression can be obtained for the second term of Eq. (22).
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We have noticed that the form of Eq. (27b) is similar to that of Eq. (7). The
Green’s function expressed in Eq. (26), however, is different from the Green’s
function expressed in Eq. (6).

2.2.2. Criteria for Simplification of the Green’s Function and Operation Count

The operation count per time step to calculate Eq. (27a) or Eq. (27b), in prin-
ciple, should be O(N?), where N is the number of mesh points. It looks as if the
same troublesome problem arises here as in point vortex methods that employ the
Biot-Savart law to determine the velocity from the vortices. Fortunately, there is an
important and essential difference: namely, for Eq. (27a), the influence of the
neighboring vortices falls away exponentially with distance-squared, instead of only
algebraically in the case of the Biot-Savart law (more detail will be given in the
next two subsections). The first term in Eq. (22) represents the diffusion contribu-
tion from all the vortices 7, ;, outside of the flat plate, and the second term is that
from all the image points of y, ; inside the solid body (in the lower half-plane).

Setting Ax~ Ay~ and then considering the only contribution to the points
(x> ¥») by the vortex point at (x; y,) with the strength y,;, where y, =
{(xs ¥)s £)A% in the first term of Eq. (27), the fraction of y, ; reaching point (x,,, y,,)
after At is

{(Xoms Y t+41) 1 < r_zl)
o 2Mmy e TN SR 28
T ey, a2 (28)

The value of ¢ decreases very rapidly as r, ;/4 increases. For example, if the vor-
ticity is truncated at 3.9 x 107°{(x;,, y;, r) the value of r, ;/4 is equal to 3, ie., the
diffusion from the vortex blob at (x;, y;) can only reach the points which are
located inside the circle with radius 34 and centered at (x;, y;). In other words, if
there are many vortex blobs coexisting on the (x, y) plane the vorticity at point
(x,.» ¥,) induced by diffusion is only related to those vortex blobs which are within
the circle of radius 34 and centered at point (x,,, ¥,).

Therefore, for the general 2D case at high Reynolds numbers, the whole domain
for diffusion simulation outside a solid body now can be divided into two regions:
Region | is the “layer” with thickness of order O(4) (say, 34) surrounding the solid
body (4 must satisfy 4 < R, R being the radius of curvature of the solid surface) and
Region 2 ig the flow region outside the “layer,” extending to infinity, as shown by
Figs. 3a and 4.

Hence, the Green’s function in Region | can be approximated by the superposi-
tion of the Green’s function for a single vortex point outside a flat plate and its
image point as long as A < R, as shown by Figs. 3b and 4. The solid surface can be
considered as a flat plate to those vortex points within the “layer” (e.g., typically,
for 4t=001 and Re=10,000, /.= (4 4¢/Re)*>=2.10"> which is indeed much
smaller than R ~ 1). Therefore, the expression Eq. (26) will be modified further and
used as the basis for the approximation of the Green’s function in general 2D cases.
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Region 2 i (xi vyy)

,.-"'_l‘legion 1
U \ 7 A,
— Al’
JE—

Region 2

FiG. 4. Vortex point (x,, y,) within Region 1 and its image B inside the boundary. (The vortex point
P with a diffusion circle in Region 2 for error ¢ <3.9 » 1073

For the vortex points within Region 2, the Green’s function is simply

Re r? Re
s ox v - Y
G(X s Vs X5 Yjs 1, T) 47[(t—‘r)cxp< 4(t—r)>' (29)

[T 1]

These points are far away (beyond ~34) from the solid boundary like point “p
on Fig. 4 and, thus, would not interact with a solid boundary in diffusion simula-
tion and would behave like inviscid vortices. However, they can still have their
diffusion contribution to their neighboring points within a radius R~ 34, by
behaving like a viscous core.

For small 4t and large Reynolds number Re, the vortices within the thin
boundary layer are well represented, while those farther away would behave like
inviscid vortices, thus also well represented. To verify the validity of the Green’s
function constructed above, the imulsively rotating cylinder problem has been
chosen as a benchmark example for which an exact solution exists (results of this
benchmark example are given below in Section 3.3).

2.3. Simulation of the Convection Process

To discretize Eq. (4) for convection, the velocity field is needed. After the vor-
ticity diffusion at each mesh point (x,,, y,) at time ¢+ 4z is calculated by Eq. (13),
the velocity at each mesh point is determined via the stream function, by solving
the discretized Poisson equation together with the proper boundary conditions.
This choice over the Biot-Savart law is known to be computationally advantageous
for large values of N. The usual three-point central difference approximation is
written for time-level A,

1) (A1) (1) 4y (4) (A}
l//i»—y 2 iLJj + i+u+l@71 2ll’u + i,j+l=_C(A) (30)

(4x)? (4y)? “
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and the velocity field is evaluated similarly by a centered difference for u and v,

(4) (A)
(1) i+ 2
o Pl Vi
v} > x . (31b)

According to Eq. (4), the discretized vortex at (i, j) is to be displaced with the
velocity, given by Eqs. (31a) and (31b), and by the time step A4¢ to reach time level
A+ 1. The new position of the vortex at (i, j) at new step A + 1 after convection is
simply

XA = x4y Ay (32a)
pAF D=yt v‘/‘) At (32b)

The points (x{4*", {4+ 1) are, of course, not at the mesh points of the fixed grid.

2.4. Reinitiation of the Vorticity Field

A common disadvantage of the pure Lagrangian tracking scheme is that the com-
putational element would suffer from extreme distortion after a certain number of
time steps, as pointed out by Van Dommenlem and Shen [40]. The distortion is
even worse when the scheme is applied to the three-dimensional motion of the
vortex filaments. To avoid this kind of distortion, a smoothing procedure after each
Lagrangian step is introduced as follows.

The continuous vorticity at time level A4 + 1 after convection is represented by
point vortices, each of which possesses strength y, ;={(x,;, y; ,;, 1)h* but is dis-
() to its new position (x{;* ", yi* D) as shown by points 4

placed from (x‘, » Vi i
and A', respectively, in Fig. 5. The points (x("+ by 1’) are, of course, not at the

Y
mesh points of the fixed grid. The distance AA is obviously

AA'= [ D= x4 (7 = ()], (33)

J> <y
i.j i,j

*—h-—‘b‘

Fic. 5. Change of position of vortex point A(x

I
M(xy, ¥a)

b=y

[ T

W N
A yy)

(1)

¢, i) after convection.
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We now calculate the diffusion simulation at time step 4 + 2. The new vorticity
at each mesh point (x,,, y,) is the summation of the diffusion contribution from all
the vortices, effectively those in a certain neighborhood of the point (x,,, v,); e.g.,
expression Eq. (8) now becomes

()¢ (A+2)_ ZZC(AH) e i _(ri,j):?m 34
I /12 Xp iz —exp iz > ( )

where r; ; is no longer the distance between the regular mesh points, but is now
represented by the line 4'M, as shown in Fig. 5, i.e.,

=L =X, + 0 = )] (35)

In this way, the vorticity value at each fixed nodal point at time step 4 + 2 has been
recovered.

It should be noted that the above procedure for recovering all the nodal values
of vorticity is completely different from the Vortex-In-Cell method. For a typical
Vortex-In-Cell method (see [24, 257), the pointwise vortex 4’ in Fig. 6 is assumed
to possess uniform vorticity within this cell. Tt contributes incremental vorticity
{i; to each to the four mesh points at (i, j), (i+1,/), (/, j+1), and (i+1,j+1)
according to a certain interpolation scheme, as shown for one cell in Fig. 6,

¢ -Ak (k=1,2,3,4), (36)

hz
where 4 is the mesh spacing and A,’s are the areas. The stength of point vortex A4’
is to be credited to four mesh nodes according to Eq. (36). After all the vorticity has
been distributed among all the mesh points a finite difference form of the Poisson
equation is solved. After velocity components are obtained, the velocity of the point
vortex A’ must be determined again by a bilinear interpolation in terms of an area-
weighting technique in order to move point vortex A’ for next time step. These two
bilinear interpolation procedures could often introduce significant accumulative

(3+D (i+1,+1)
A ¢A
2 | 1
h :‘ /t/ Point vortex A’
A3 E Ay
a0 (i+1,))

FIG. 6. Area weighting scheme for the vortex-in-cell method.
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error into numerical results. Baker [25] calculated the roll-up of the vortex sheet
and concluded that the angular momentum was not conserved, while the total
circulation and linear impulse are conserved by the Vortex-in-Cell method. A
similar conclusion was also drawn by Leonard [13] in his review paper. In the
new algorithm, however, the above two interpolation procedures are completely
avoided.

2.5. Accuracy, Stability, and Efficiency Considerations

The error due to diffusion simulation, i.e., the truncation error of using Eq. (8),
to approximate Eq. (5), is of order O(#?) at each step. The truncation error for the
scheme of the first-order accuracy, Egs. (32a) and (32b), is O(4¢?) for each step.
The total error for the two fractional steps Eqs. (3) and (4), following Chorin
[21-23] and Marchuck [40], can be estimated approximately as the summation of
the two errors. Thus, for the present square mesh scheme the cumulative error is

Eou~ O(h?) + O(41). (37)

The validity of Eq. (37) will be confirmed in the subsequent numerical examples of
this paper.

When the constraint Eq. (21) is followed, it requires #/(4 At/Re)'? < cj; ¢ being
a constant of order 1, depending on the error E. For a chosen value of 4, the
following value for At is produced:

At> (h/Cr)*-Re/4. (38)

For example, if Re = 1000, #=0.001, and C,=0.878, we obtain 47>0.324x 10
as the lower limit of A¢ for proper diffusion simulation. There is no restriction on
the maximum time step length Ar due to stability requirements. Thus, given the
mesh length A, the value of 4r should be chosen relatively large and the estimated
total truncation error of Eq. (37) becomes of the order O(4¢?).

The operation count per time step to calculate using either Eq. (8) or Eq. (27a),
in principle, should be of the order O(N?), where N is the number of mesh points.
However, as was mentioned before, according to Eq. (28), r, ;/2 is a function only
of &

riilt

1.00 200 3.00 4.00

g 12x10°"  58x1073 39x107% 3.6x107®

This is simply the manifestation that the diffusion of each concentrated vortex is
limited to within the diffusion distance O(A), as in Eq. (9).
Consequently, for a grid point (m, n), it is only necessary to take contributions
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from vortices whithin a circle of r, if ¢ is specified. For e=39x10"7, r, ;/A=3 and
the number of vortices contained in the circle may be estimated as

2

n~E=282<29  for £=39x10"°, (39)

e

As an application for the square mesh scheme shown in Fig. 1, omitting all the
mesh points beyond the layer L =4 in the calculation of Eq. (12) would give a trun-
cation error of the order of 0(3.6x10~®.[32(}]), where the factor 32 indicates
that there are 32 mesh points along the layer L =4 and (}; is the maximum vor-
ticity at this time step.

Therefore, the total number of operations for diffusion simulation of Egq.(8) or
Eq. (27a) has nothing to do with the total number of vortex points (or mesh points)
N. Instead, it is a fixed value n, which is a function of accuracy ¢.

Also note that Eq. (28) indicates that the total number of operations at each time
step does not depend on the Reynolds number for a fixed value of the truncation
error. On the other hand, the mesh length /4 should be kept within the order of the
diffusion distance A = (4 4t/Re)">.

3. COMPUTATIONAL EXAMPLES

3.1. Decay of a Single Vortex with Finite Circular Core

In order to test the performance of the present method, it has been applied to the
problem of the decay of a single vortex with a finite circular cure. Milinazzo and
Saffman [41] earlier used this problem in a critical examination of Chorin’s
random-vortex method. Subsequently, the same problem was chosen by Roberts
[427 to reexamine the effect of non-smooth initial conditions on the accuracy of the
random-vortex method. An important task is to solve the vorticity transport
equation, Eq. (2), with the initial condition in an unbounded domain,

Cx, p, Ol_o=1 if x*+y?<1
(40)
(o, o t)l,_0=0 otherwise.

The convection terms actually disappear for this particular problem because of
symmetry. To test the validity of the present algorithm, however, it is instructive to
avoid taking advantage of the special radial symmetry of the vorticity distribution,
but use the complete vorticity transport equation, Eq. (2) instead of the pure
diffusion equation, Eq. (3). For this particular example, for convenience, the non-
dimensional time expressed by Eq. (1) is redefined as

t* =¢/Re or t=1t*-Re. (41)
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Cuilantitbnntlocan TNa A1) libnd Dan 19N awd M nced thnc Aunvwwican thhn anbawinls A cnerr

shown in Fig. 7. Each circular ring is of the same thickness 1= (4/4¢)"? and the
total number of circular rings is 7 = 1/A. The area of the pth ring is S= (2p — 1)z >
(p=1,2,3,..,n). The coordinate of the center of the gth smalil area in the pth
circular ring is obviously

X, =", c08(2ng/M ), Vpq="1,sin(2nq/M,) (p=1,2,.,m9=12,., M),

where M, indicates the integer part of (2p —1)m.

It must be stressed that the foregoing circular mesh structure is only used for the
first step because the initial domain happens to be a circle. The actual mesh structure
permanently used for subsequent computation is the simple square grid centered at the
origin with spacing h in each coordinate direction, as in Fig. 1. Therefore there are
two mesh systems overlapping each other in the first step. After the first step the
ring mesh system is discarded.

The computational domain is defined by two finite constants x_. and y.. The
total number of mesh units is N xN,, N,=2x, /h and N, ~2y ./h. The coor-
dinates of mesh point (i, j) are x;,= —x . 4+i-hand y,= ~y, + j-h, where i, are
integers (1 <i< N, and 1 <j<Ny). The initial stength of the vortex at (x,, y, ) is
O =(1-4,)) (" =1-2,. The vorticity at mesh point (x;, y,) after diffusion at the

yl’ q i
first time step A=11is

. 1 n My r2
W X X ew(—8). (42)
= g=1

where r, ,=[(x,—x)*+ (y,— »,)*]1"% As shown by Eq. (39), most of the opera-
tions in Eq. (42) are not needed. Thus Eq. (42) is rewritten as

-2 5 4 8 o) -

q*l

Fic. 7. [Initial vorticity field for a circular vortex R =1: (a) Domain divided by » concentric circles;
(b) Enlarged mesh element.
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where #n, is defined by Eq. (39). The Poisson equation (30) can now be solved to
obtain the velocity field for the updated vorticity distribution Eq. (43). The values
of x_, and y_, however, have to be specified prior to solving the Poisson equation.

3.1.1. Initial and Boundary Condition for the Stream Function

The initial conditions consist of the solutions of the Poisson and the Laplace
equation, inside and outside the circle, respectively, and both are equal to zero at
R=1,

YO =(1/4)1 —r*)forr< 1, YO =(—=12)logriorr>1. (44a)

The fluid velocity is everywhere azimuthal,
U= —y/2; vO=x2forr<1; u®=—y/(2r%); v9=x/2r')forr=1  (44b)

To solve the velocity field at step A =1, the infinite domain need to be truncated
at a certain large distance r_.. The computation is to be carried our within the
domain x<r, and y<r_. The boundary value of the stream function is then
determined as

Y=y = —Llogr,. (45)

The Poisson equation with the initial vorticity field Egs. (44a), (44b) and boundary
condition Eq. (45) is solved to obtain velocity components u}'/, v{!). Substituting
u{'), and v{!) into Egs. (32a) and (32b), the new position (x{*), yﬁzl’) is obtained, of
the point vortex which was situated at nodal point (x{'), y!!)) originally.

The next step is to solve for the vorticity field at step 4+ 1 =3 according to the

diffusion method expressed by the following expression,
P2
i =S T e o (<) (46)
where ¢ is given by Eq. (11).
The foregoing steps are repeated until the desired time step is reached.

3.1.2. Computational Results and Conservativity

The well-known integral invariants and a decay law for an arbitrary two-dimen-
sional vorticity distribution are

ﬁ Edxdy=T, (472)

4 o aear=i ] i

where [, is the initial total circulation and D designates the entire flow field. To
check the conservativity of the present method, we calculated the total circulation
I" at each time step for a single vortex with a circular core. A typical result for



DIFFUSING-VORTEX NUMERICAL SCHEME

419

Re = 5000 plotted in Fig. 8a has shown that the present method does satisfy the
vorticity specified by Egq. (47a). Furthermore, using conservation relations (47a)

and (47b), we can obtain the following angular-momentum relation,

Je(?+ y) Ly dxdy

4¢
A,(1)= =4,(0)+—, (48)
(1) Jrellx, ¥, t)dx dy ¢ Re
a
4.0
j
387 o Present Method (Re=5000)
36 Exact Solution (Re=5000)
344
~ ]
o 324
S ] o-o0-0-0-0-0-00000000900060 000000000 0Q000Q000QQ00
8 ]
=] 3.0-_
B ]
QO 2.8 1
g ]
=267
J
2.4-_1
224
2.0 AT e USRS
0 2 4 6 8 10 12 14
Time t
b
1.2
1 Exact Solution (Re=5000)
1 ° Present Method (Re=5000)
1.0 Exact Solution (Re=10000)
IS o Present Method (Re=10000) Re=5000
- ] ——— Random Walk Method
< 08
g ]
2
=
g
s 0.6
= |
3
El 1
5 0.4?
1
0.2 1
J
0.0 T —r—r—r—Tr—r—rr——r T T
0.0 2.0 4.0 6.0 8.0 10.0 12.0 14.0
Time t

Fi1G. 8. (a) Evolution of total circulation I” of single vortex with finite core (R=1); (b) evolution

of angular momentum of single vortex with finite core (R=1).
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a
1.0
4 1=0.05
1 Points ---- Present Method (Re=1)
LIy t=0.15
08 1 : l Lines ---- Exact Solution (Re=1)
1 1=0.25
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> ] =035
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b
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1
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0.10
]
1
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FiG. 9. (a) Vorticity field for single vortex of finite core R =1 (non-dimensional time is scaled as
t=1U/(L-Re)=1v/L?); (b) azimuthal velocity field for single vortex of finite core R=1.
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where A4,(0) is the initial value of 4,(z), in this case equal to 4, and R’ denotes the
non-zero vorticity region. The conservativity relations (47a), (47b), and (48) are used
to check the accuracy of the diffusing-vortex mthod.

Figures 8b, 9a, and 9b display the computed value of the angular-momentum
integral A(¢) (as was defined by [42]), the vorticity field, and the velocity field,
respectively. The computation is carried out at 4t =0.05, A=0.1, for t< 1.5, h=0.2
for r>1.5 and x_, = y, = 10 for Reynolds number Re =1, and 4¢ = 0.05, /£ =0.006,
X4 =Y, =3, for Re=15000. For the discretized version, the angular-momentum
integral is

_nn UG+ )

A(t)= 49
W= E e )
The relative error is defined as
_A(T) = A(T)]
e(T)= A1) . (50)

Figure 8 compares the angular momentum calculated by different methods and the
exact solution. The calculation was carried until 7 = 4x, which is the initial rotation
time of the vortex.

In the random-vortex method Roberts [43] obtained his solution with
e(T)=0.453% for Reynolds number Re,= 10,000 (Re = Re, = 5000). The value of
e(T) obtained by the present method in 0.22% for Re = 5000. The random vortex
calculation was also performed. The advantage of the new algorithm over the
random vortex method is very obvious as shown by Fig. 8 and Table I. The CPU
time is for the same computer (IBM3090-600E), so the comparison is valid. For the
random vortex method, the nonzero vorticity core was discretized into 10,000
vortex points to maintain the comparable relative error e(T) with the diffusing-
vortex method.

However, comparison in integral quantities such as the angular momentum is not
conclusive in assessing accuracy. It is more convincing when the instantaneous
vorticity and velocity computed by the new diffusing-votex method are found to match
very accurately with the exact solution, as shown in Figs.9a and 9b, even for low

TABLE 1

Comparison of Angular Momentum for a Circular Vortex

Method e(T) (%) CPU (min)
Random vortex 0.52 47
New diffusing-vortex 0.22 21

Note. 10, 201 mesh points for the diffusing-vortex method;
10,000 vortices for the random vortex method.
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Reynolds number Re=1. There were neither instantaneous velocity distributions
nor vorticity distributions published by both Roberts [43] and Milinazzo and
Saffman [42].

3.2. Decay of Vortex Pairs of Two Finite-Core Regions in Proximity

The decay of the vortex pair of two finite cirular cores with both positive and
negative sign have been calculated to further confirm the validity of our algorithm.
This calculation is based on the initial conditions and boundary conditions for the
stream function. Results of these calculations are described here.

3.2.1. Initial and Boundary Conditions for the Stream Function

In order to examine further the new method with non-trivial convective terms, we
next solve the evolution of an initial vortex pair, each of them having a finite core.
The nondimensional initial condition is

Ux, v, Olico=1  for (x—x)>+ y*<RZor(x+x,)+ y><R} (Sla)
{x, y,0Ol,_o=0  otherwise. (51b)

There is no analytic solution for the instantaneous velocity and vorticity for this
problem; The square mesh structure used in example A is again used here.
Following example A, the initial two circular domains are divided into n
concentric circular rings, each of which possesses the same thickness A = (4 4¢/Re)'2,
The procedures here are similar to that for example A. The schematic is shown by
Fig. 10. To solve the Poisson equation, the boundary condition for the stream
function at the farfield, which can be described approximately as

3.2.2. Computational Results and Conservativity

The calculation is carried out for Egs. (2) and (3) without using the transforma-
tion of Eq. (41). The angular momentum for each time step is calculated using
Eq. (49). In Table 11, the relative error defined by Eq. (50) and the computing time
for each case are listed as a function of the mesh length 4 for Re = 5000, 47 =0.08,
Ry=4h, x,=8h, and fixed farfield boundaries x_ =y, =04.

FiG. 10. Initial vortex pair at r=0.
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TABLE II

Effect of Mesh Length on Relative Error of Angular Momentum
for the Vortex Pair Problem at a Fixed Value of 4¢

h 0.889 x 102 0.800 x 102 0.635x 1072 0494 x 1072 0.400 x 102
c=h/) 1.111 1.000 0.794 0.618 0.500
NXxNy 91 x91 101 x 101 126 x 126 162 = x 162 201 x 201

e(T) 2.88% 0.41% 0.26 % 0.18% 0.15%
CPU 17.1 min 23.1 min 60.5 min 138.6 min 238.5 min

Note. Re=5000, 4r=0.08, 1 =0.00775, x_, = y,, =0.4000.

We notice that the conservativity relation (48) for a single vortex is also valid for
the present example. The evolution of A(7)— A4, with time ¢ for Re = 1000, 3000,
5000, and 7000 is also shown in Fig. 11. The results were obtained with s =0.00635,
4t=0.08, N, xN,=101x101, x, =y, =04000 and each calculation required
about 24 min of CPU time. The computation was done with an IBM3090-600E (a
64-bit supercomputer at Cornell University).

The results in Table I show that the mesh length parameter ¢ plays an important
role for both the computing time and, especially, the relative error. The value of the
relative error e(T) for ¢> 1.1 is much higher than that for ¢ <1 as shown in
Fig. 12a. However, it is interesting to note that the value of ¢(7) does not decrease
very much while ¢ decreases further from ¢ = 0.7940 to 0.5000 (correspondingly, A

0.30 °
Re=1000 Points ~—— Present Method
4 Lines ———~— Exact Solution
0.251
S
5 .
¥ 0.20 y
=
=
g . L
?0.15- b4 PR
g B
o @ .-
= Re=3000 %
P
=]
o
g

Time

Fic. 11. Angular momentum vs time for different Reynolds numbers (a vortex pair with same
positive sign).
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decreases from 0.00635 to 0.004 in this interval). The reason is that the truncation
error of the convection simulation is of the order O(41*) = 0(0.08%)= 0(6 x 10™?%)
and dominates over the error of the diffusion simulation, which is of the order
O(h*)= 0(0.005°)=0(10"7). In order to chack the estimate of Eq.(37), e(T)
is computed for different values of # under the condition Re=5000 and c=1,
ie, h=7,=(4 A1/Re)"*. According to Eq.(37), the error estimate is O(4t). The
behavior in Fig. 12b shows that the calculated results do follow the trend.

Figures 13a-d show the evolution of the vorticity field using three-dimensional
graphics at Re=5000. The instantaneous stream line patterns are plotted in
Figs. 14a—d. Inirially the vortex pair was situated on the x-axis with a separation
distance x,=8h. As time increases two cores with both positive vorticity gradually
approach each other and finally merge into one core and the long axis of the core
is no longer coincident with the x-axis after a few time steps. Lo and Ting [43]
published their research results for low Reynolds number (less than 100) for this
problem, using asymptotic expansion methods, but they did not give the instan-
taneous flow field.

3.3. Unsteady Flow Field outside a Rotating Cylinder

The flow field induced by an impulsively rotating cylinder with radius R=1 and
constant angular velocity @ is now studied. The definition of the nondimensional
quantity in Eq. (1) is still used, setting characteristic length L.= R and charac-
teristic velocity U= wR, then

u = wRi, v=wRo, x=Rx
(53)

y=Ry, r = R¥F, t=

34

£ 2_3

o 27

5 4 f

-] g

3 v

o 4
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g 1
0 e v 0 T
0.4 0.6 0.8 1.0 1.2 0.4 05 0.6 0.7 0.8 0.9

b/ A Mesh length h

F1G6.12. (a) Effect of mesh length on relative error of angular momentum and CPU for a vortex pair
with both positive sign; (b) Comparison between ¢(T) and a curve y =0.1 Re?4*.
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(b) time = 0.40; (c) time = 1.40; (d) time = 2.40.
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A solution is needed for the vorticitiy transport equation, Eq.(2), under the
boundary condition, dropping the bar, and using the polar coordinate system (r, 9),

vg=1forr=1,; vg=0forr=co. (54)

3.3.1. Initial Condition

One of the difficulties in this problem is the specification of the initial conditions.
For small time, the vorticity is initially infinite and confined to an infinitesimally
thin region surrounding the cylindrical surface. Thus the direct application of a
finite difference approximation to the equation cannot give the initial flow field
correctly. But the Rayleigh solution is a good approximation. The velocity and
vorticity at each mesh point (r,,, 0,) are

2 ;
vg(rm,e,,,to)=1—Wjo exp(—x%) dx (55)
Re " :
(i) =~ (57 exp(=2) (56)
0

where 4,, = (Re/dt,)"*(r,, — 1).

3.3.2. Diffusion Simulation
The counterpart of Eq. (27) under the polar coordinate system is

2 2
g,(rm,()n,t+At)- ZZZC ri 8, [exp( rf) exp( (r,-,i—zimgﬂm
(57a)

or

N (i) im
(s O, 1+ A1) = ZZ%,[ exp<—i‘2) )2exp< —/’175)] (57b)
where y, ; is the strength or small circulation of the vortex at (r,, 6,),

Vij=C(r, 0, 1) Aoy Ao =r, [(4r),(40),, (58)

where r, ; is the distance between the vortex point at (r
point (r,,, 8,),

r;» 8,) and the calculated mesh

rij=1[(r;cos8,—r, cos8,)’+(r;sind,—r,sinb,)*]"? (59)

and (r; ;)im, is the distance between the point (r,,, 8,) and the point (1/y,, 6,) inside
the circular cylinder which is the image point of (r,, ),

(ri Jimg= {[7; ' cos ,—r, cos0,1*+ [y; ' sin0,—r,sin§,1%} "/ (60)
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For those vortices far away from a solid surface (for instance, beyond r ~ 34), the
vortex y, ; would only carry a finite core of the Gaussian distribution, i.e., Eq. (57b)
would degenerate to

2
(s 0, 1+ At) ZZ/,,[ exp( %—;)] (61a)

The second term of Eq.(22) represents the diffusion contribution from the
vorticity on the cylindrical surface and can be integrated. For a solid boundary of
arbitrary shape, the factor in the second term of Eq. (22) can be approximated as

0G\  G—Gimg
el 6
<6n> 24 (61b)

where 4=r—R is the normal distance of the calculated point to the solid
boundary. If the surface of the solid boundary is divided into m equal pieces
and the length of each of the pieces is 4s, the second term of Eq.(22) can be
written as

Culry, 0, t+ 41) = ﬁ%Cb (g—z—g‘—"‘é) 4s. (61c)
The Green’s function in Eq. (61b) is determined by Eq. (26) and the value of G,
is taken from point A4, which is the image point of point 4. As analyzed before,
the number of operations surrounding point A4 is very small since the value of G
decreases exponentially with the distance squared. Substituting Eqs. (61a) and (61c)
into Eq. (22), the vorticity field at t + 41 is then

GG,
[ 0 40 =L 57,600y, 6,,7,.6) o 4 (5 cb( E)As, 62)

k=1

where Green’s function in the cylindrical coordinate system is

2 2
G(rmv ns Fis /)_ l: Xp <£ﬂjé—)_>—exp (__QL/%Z_"EE)] (63)
and y, ;, 7, ;, and (7, ;)im, are given by Egs. (58), (59), and (60).

3.3.3. Boundary Condition—-Vorticity Value on Cylinder Surface
for the Next Time Step

It has been well recognized that the most challenging task for directly solv-
ing the vorticity transport equation lies in how to determine the vorticity
value on solid boundary surfaces. In practice the boundary condition is
usually given in terms of the velocity (no slip condition) and not vorticity.
This is because the vorticity value on the solid surfaces is often very difficult
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to calculate. With our diffusing-votex algorithm, fortunately, this difficulty
can be overcome. In our rotating cylinder problem, we do not need to use the
known solution on the cylinder surface as the boundary valued of the vor-
ticity at each time step. Instead, the vorticity value on the cylinder surface is
obtained by directly substituting ,, =1 into Eq. (62) for the next time step.
We should note that our method does not easily deal with velocity boundary
conditions, since our Navier—Stokes equations are written in vorticity form
and not velocity form.

3.3.4. Convection Simulation

The new position of the vortex (7, j) after the convection step under the
polar coordinate system is then defined by

r,‘.f;“’=rf‘Aj’+(U¢)ﬁff«)'Af (64a)
PU+D =g 4 (p )(A).ﬂ (64b)
ij —Yij 07ij PN

i)

where the superscript A indicates the time step, ie., =/ -4z While the calcula-
tions with Egs. (64a) and (64b) are performed, the continuous vorticity field is
simply replaced by many point vortices, each of which possesses circulation
{(r;,0;,t) 4o, and then each point vortex at [r{}’, 0] is allowed to move to its
new position [r{4*', 014+ "] which is not at nodal points, in general. Note that the
single subscript, as in r;, 0, designates the mesh point, and the coordinates with
double subscripts and single superscript 4, as in r{}), 6%, represent the position of
each discretized vortex point under the pollar system.

Following the whole procedure for reinitiation of the vorticity field, the diffusion
contribution to mesh point M(r,,, 8,) from the vortex A'[r4*", 84+ "] is only

related to the distance between them, ie., 4’M as plotted on Fig. 15:

AM=[(r{*Vcos 04+ —r, cos0,) + (rt* Vsin 84 —r, sin 0,)°]% (65)

(A+1)_(A+1)
ij

FiG. 15. Point vortex A4 at time ¢ moves to its new position 4’ at time f + A¢.
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The new vorticity at each mesh point (r,,, #,) is the summation of the diffusion
contribution from all the vortices, effectively those in a certain neighborhood of the
point (r,,, 8,). The procedure for recovering the vorticity value at each fixed nodal
point at time step 4 + 2 is the same as that described before.

The calculation for this problem started at ¢z, = 0.01, using the Rayleigh solution.
The Reynolds numbers chosen were Re,= UD/v=10,000 (i.e., Re=Re, =15000).
The computational parameters were 4¢ =0.04 and A =0.00566, and 40 = 4¢ = 0.005

iﬁr thg E;g?;ai% % EOIMVMJWMLMMM

exact solution increases with time. These results have demonstrated that the new
diffusing-vortex algorithm procedures solutions in excellent agreement with the
exact solutions.

4, CONCLUSIONS AND DISCUSSION

A new numerical solution algorithm, the diffusing-votex method, has been
developed to study two-dimensional incompressible flow at high Reynolds number.
The algorithm discretizes the vorticity field and splits the transport equation into
two fractional steps: diffusion and convection. It may be natural to compare this
method with Chorin’s random-vortex method. The essential differences are: (1) the
diffusion process for each time step is simulated by the exact solution of the diffu-
sion equation in an unbounded domain, instead of by a random walk approxima-
tion. The new algorithm uses the local value of the vorticity field at fixed mesh
points for the discretized vortex strength. The discretized vortices do not maintain
the same vortex stength as required by a random walk algorithm. The number of
operations for the diffusion calculation for our diffusing-vortex method is no more
than n, (although the total number of operations for the random vortex method
is N2, it is considered one of the most efficient methods for diffusion simulation
among the conventional vortex methods); (2) the velocity field is determined for the
same fixed mesh points so that it is possible to use a high-order convection scheme
without interpolation. The convection term, which is troublesome for typical finite
difference schemes at high Reynolds number, is simulated by tracking the motion
of each discretized vortex point. But the new scheme is Lagrangian for only one time
step, through the use of new particles at fixed mesh points for the next time step.

The new diffusing-vortex method has demonstrated great potential for extension
to three-dimensional (3D) calculations, based on the following two issues. First, the
computational examples have shown that the CPU time is of the order of N(log N)
instead of N2 for typical vortex methods (N is the total number of vortices).
Second, there is no restriction on the maximum value of the time step length
imposed by stability. Instead, there is a lower liimit of 4¢ for a proper diffusion
simulation, ie., 4t>(h/C,)*-Re/4. In terms of efficiency, our method may be
limited in 3D when compared to grid-free methods for some problems. This issue
is currently under investigation.
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